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1. Introduction 

In the theory of automorphic forms, two classes of rank one reductive Lie groups 
0{n, 1) and U(n, 1) are the important objects. Automorphic forms on 0(n, 1) have 
been intensively studied. In this paper we study the automorphic forms on U(n, 1). 
We construct infinitely many modular forms and non-holomorphic automorphic 
forms on U(n, 1) with respect to a discrete subgroup of infinite covolume. More 
precisely, we obtain the following theorem: 

Main Theorem. A function f : H£ +1 := {Z = (zi, ■ • • , z n+1 ) e C n+1 : Imz n+1 > 
Y]j—l \ z j\ 2 } -> C is called a nonholomorphic automorphic form attached to the 
unitary group U(n + 1, 1) if it satisfies the following three conditions: 

(1) / is an eigenfunction of the Laplace- Beltrami operator L ofU(n + 1,1) on 

(2) / is invariant under the modualr group; i.e., f("f(Z)) = f(Z) for all 7 S 
G(Z) and all Z G , where G(Z) is the discrete subgroup of G := 
TU(n + 1, 1)T _1 defined over Z and T is the Cayley transform from the 
unit ball B£ +1 in C n+1 to H™ +1 . 

(3) / has at most polynomial growth at infinity; i.e., there are constants C > 
and k such that \f(Z)\ < Cp k , as p — > 00 uniformly in t, for fixed (3. Here 
p(Z) = Imz n+1 - \zj\ 2 and (3{Z) = YTj=x \ z j? ■ 

We denote by Af(G(Z), A) the space of such nonholomorphic automorphic forms 
attached to U(n + 1, 1). Then there exist a family of Poincare series (hence, infin- 
itely many elements) r(Z, Z '; s) g A/"(G(Z), s(s — n — 1)) for Re(s) > n, where 

r(Z,Z';s):= ]T g s (x(Z, 7 (Z%y(Z)), (1.1) 

7 SG(Z) 

In the nondegenerate case, 

9s(x, y) = g s (x, y; a, b) = x~ a y~ b F 3 (a, b; a, b - n + 1; 2s - n; -x~ l , -jT 1 ) (1.2) 

for Re(a) > 1, Re(b) > n — 1 with a + b = s and F3 — F^(a, a'; (3, (3'] 7; x, y) is a 
two variable hypergeometric function; in the degenerate case, 

[ x~ S 2F\(s, s; 2s — n; — x^ 1 ), or 
9s{x,y) = \ _ , (1-3) 

\(x + y) s 2 i ;i i(s,s-n;2s-n;-(a; + y) l ), 
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where 2-F1 = 2-Pi(a, P', 7; z) is a hyper geometric junction. Here 

fy7 ,_ - *(^)) 2 + (p(g) + P(z) - p(z') - P(z')Y t^-PW 
X{Z ' Z) ~ WW) + PW) ' vi 

(1.4) 

are £wo invariants under the action of G(Z), where Z,Z' e H^, +1 and t(Z) = 
Re(z n+1 ). 

On the other hand, the Eisenstein series E(Z;X,/j 1 ) e Af(G(Zi),s(s — n — 1)), 
where 

E(Z:\u)= Y, p(l(Z)) X P(l(Z)T (1-5) 

7 GG(Z) 00 \G(Z) 

tuitA (A, /j.) = (s, 0) or (s, 1 — n). 

4 modular form on [/(n+1, 1) associated with G(Z) is a function <fi : H^ 4 " 1 — > C 
satisfying the following transform equations: 

z = (zi, ■ ■ ■ ,z n ). 

(2) <fi(wz,z n+ i) — (f>(z,z n+ i) for all w e S n , where S n is the symmetric group 
of n-order. 

(3) <t>( 1) is a locally bounded function as Imz n+ \ — » 00. 

The set of modular forms on U(n + 1, 1) is denoted as Mk, m (G(Z)). Then 

j m (z, z n+1 ) := — — e M ,o(G(Z)), (1.6) 

w/iere g 2 . mi (z, z n+1 ) := §7r 4 -E 4>mi (z, z n+1 ), g 3 , m2 (z, z n+1 ) := ^7r 6 ^ 6i „ l2 (z, z„ +1 ) 7 
and A m (z,z„ + i) := g 2 ,m(^, z n+1 ) 3 - 270 3) 3 m (z, z„ + i) 2 . Moreover, {j m } meN are a 
family of modular functions on the modular variety M n +i '■= G(Z)\H^ +1 . 



2. The Laplace-Beltrami operator and the discrete 
subgroup of U(n + 1, 1) on H™ +1 

For g = ^ ^ e t/(n + 1,1), where A = (ay )(„+i) x („+i), B = (6y)(„ + i )x i, 

C* = (cy) lx( „ +1) , D = (d)ixi, and W = { Wl , ■ ■ ■ ,w n+1 ) e B™ +1 = {V^ e 
C™+ 1 ||T4 / | 2 = |wi| 2 + ••• + |w„ + i| 2 < 1}, the action of g on W is defined as 
goW — [(AW* + B)(CW t + D)^ 1 ] 1 . According to [5], the corresponding Laplace- 
Beltrami operator on U(n + 1, 1) is 

L B n+i = tr[(J - WW*)^ • (7 - W*W) • 9^], (2.1) 

where dw is the differential operator dw = (atu7> 1 ■ ■ > g^r+l) > an< ^ tnc ^ ots ncrc 
indicate that the factor (7 — VK*!!^) is not differentiated. 

Theorem 2.1. 77ie Laplace-Beltrami operator of U(n + 1, 1) on B£ +1 is 

n+1 

a = (i-]Tk-| 2 ) 



E 



a 2 

dwjdwl 




(2.2) 
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Lot H^ +1 be the Sicgel domain of the second kind, i.e., the complex hyperbolic 

n+l 



space, JHljV ~ = {(zi,--- , z n+ i) e C" +1 |Imz„ + i > Y^j=i \ z j\ 2 }- It i s well-known 
that H^ +1 is holomorphically equivalent to B£, +1 . The Cayley transform T from 



B 



71+1 



onto 



is given by z\ 



Zn+1 



■ l+w„ 



Theorem 2.2. The Laplace- Beltrami operator ofU(n+ 1,1) on the complex hy- 
perbolic space H^ +1 is 



L= (Imz n+1 -J2\z 3 \ 



n+l 
3=1 



d 2 

3 dZn+l&Zj 



d 2 



dzn+idzj 



y d _ 



(2.3) 



Let us consider B^ +1 as a symmetric space [/(n+ l,l)/C/(n + 1) x U(l). Set 
G = TU(n + 1, 1)T _1 . Let if be a maximal compact subgroup of G and T be a 
discrete subgroup of G. H^, +1 = G/K is invariant under the action of G. 

Let if be a subgroup of U(n + 1, 1), if THT^ 1 = T is a discrete subgroup of G, 
then 

""" i i) ( A B \-(l B\ I''- , , 

\ [)\c d) [c d)[ \ \ 

where ^ ^eH and (4 |) e T. We have ^) = ff) , 

where s = ( J x } ) ■ Thus > ^ = A B = -^S 1 , C = £ = S^Ss. By 

A B\ 

C D I S ^ n ^' ^' we ^ ave 

11* + BJB* = I n , CA* + DJB* = 0, GG* + DJD* = J, 

where J = ^ (f)' H F is dcfincd over Z ' thcn B = C = 0, A e 0(n,Z), 

D e SX(2,Z). In fact, A is a permutation matrix with elements and ±1. For 
simplicity, we only consider the permutation matrix with elements and 1. We 
denote a as the above permutation matrix, it can be identified with the element of 
the symmetric group of n-order S n . Therefore, 




a b 

c d 



&SL{2,Z)\ (2.4) 



where a £ S n is a permutation on the set {z\, • • • , z n } as cr(zj) = z a ^y Thus 

/ o-(zi) o(z n ) az n+1 + b\ 
7 (zi, • • • , z n+1 ) = — , • • • , — , — . (2.5) 

\cz n+1 +d cz n+1 +d cz n+1 +d' 
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We denote this group as G(Z). Its parabolic subgroup is 



G(Z)oo = { I ±1 n ) :ne N,a G S n 
±l y 

In coordinates (t, p, z\,--- ,z n ) where t = Rez n +i, p = lmz n +i — Y^ij=i \ z j\ 2 > 
we define p(Z) = Imz n+1 - YTj=i \ z j? and P{ z ) = YTj=i \ z j\ 2 > tncn P ° l( z ) = 

Denote the inverse conjugate transpose, it is an automorphism of the Lie 
groups called the Cartan involution. Let U(n + 1, 1) = KjjAjjNu — NuAuKu be 
the Iwasawa decomposition, where 



N u ={n(z,t)= \ iz l-M-f* :zeC",teR 




Au = { o(C) - | chC shC | : C e R }> , 

shC chC y 

K v = U(n+l) x 17(1). 

Let P[/ = 7% Ay be the semidirect product of Njj and Au, where the action of Au 
on Nu is given by 

a(C) : n(z, i) a(C) _1 n(z, t)a(C) = n(e c z, e 2C t). 

In coordinates z = {z\,--- ,z n ), i = Rez„+i and p = Imz„ + i — \z\ 2 , H^, +1 = 
{(z,t,p) : z G C n ,t £ R, p > 0}, <9H£ +1 = {(*,*) = (z,i,0) : z £ C n ,t e R}. We 
identify 7% and P with <9H£ +1 and H£ +1 under the map that n(z, t) and n(z, t)a(() 
are identified with (z,t) and (z,t,p), respectively. Here p = e 2 ^. 
The multiplication of Nu (or i9H^, +1 ) is given by 

0, t)(z', t 1 ) = (z + z',t + t' + 2Imzi 7 ), 

where zz' — Y^j=i z j z 'j- So Nu is the Heisenberg group H™. The delation of H" is 
given by p(z,t) — (y/pz,pt), p > 0, which is consistent with the delation of Hj-^ 1 
given by p(z, z n +i) = {y/pz, pz n +i). The multiplication is defined as 

(z, t, p){z', t', p') = {z + yfpj, t + pt' + 2VpImzi 7 , pp'). 

Pu is a locally compact nonunimodular group with the left Haar measure 

da(z,t,p) = p^ ( - n+2) dm{z)dtdp, 

where dm(z) denotes the Lebesque measure of C". 
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From the theory of integrals on quotients G/H where H is a closed subgroup of 
the Lie group G, we will need an understanding of the formula: 

/ f(9)dg = [ [ f(gh)dhdg. 
Jg jg/h Jh 

Here dg and dh are Haar measures on G, H, respectively. And this formula defines 
the G-invariant measure dg on the quotient space G/H . Such an integral is deter- 
mined up to a positive constant. Formula holds provided that both G and H are 
unimodular. So da is G-invariant measure. We have 

Vol(G(Z)\H™ +1 ) = / p- (n+2) dtdpdm{z) 
P dx i f°° d if dxidyx--- dx n dy n 

= / dx n+1 / dy n+1 / duj / 

J-i V 1 - 1 ^. Js 2 ™- 1 J° (yn+i-r 2 ) n + 2 

where j/^ ^''j^ = \ fo n+1 ^I'+T' dt = 00. Therefore, the covolumc 
of G(Z) is infinite. 



3. The eigenfunctions of L 



In this section, we will solve the eigenfunctions of L. 

By the transform Uj = Xj,Vj = y 3 {l < j <n),t = x n+u p = y n+1 - YTj=i{ x2 + 
y 2 ) and Theorem 2.2, we have the following theorem: 

Theorem 3.1. In coordinates (xj,yj,t, p), Xj = Rezj, yj = Imzj, t ~ Rez n+ i, 
p = Imz n+1 - YJj=i \ z j\ 2 > x j ^ and Vj °> 




In particular, if / = p s , then Lf = {p 2 -§^i — np-^)p s = s(s — n — l)p s . 

The definition of cusp forms on U(n + 1,1) requires that J Jdt = 0. The 
corresponding Fourier expansion: / = ^ c(a)Z(a, X\,y\,--- , x ni y n , p)e 27rMt . By 
transform Xj = ^/j3jCOs9j, yj = ^/]3j sin9j(l < j < n), we have the following 
theorem: 

Theorem 3.2. In coordinates ((3j,9j,t, p), 

" d 2 d 2 ™ d 2 n 1 d 2 n d 2 " d d 

(3.2) 
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Set 

f a , b = u(a, b u ■ ■ ■ , b n , p)v(a, ft!,--., b n , /?!,•••, (3 n )e^ iat e 2i ^7^ 
by Lf a . b = \.fa,b, we have 

Therefore, 

// it' A " 

p — (p) — 47r 2 a 2 p — n — (p) h 47ra > &, 

r u y ' u 11 p 4-f 

E. 1 a t; , , , n o ■ 1 ov 

(1) pV'(p) - npu'(p) — [A + (fc — 4™ X)"=i &j> + 47r 2 a 2 p>(p) = 0. 

Set k = 4:traJ2™ =1 bj, then we have p 2 u"(p) - npu'(p) - (A + 4-7r 2 a 2 p 2 )u(p) = 0. 

Let u(p) = p^w(p), then p 2 w"(p) + pw'{p) — [A + (^) 2 + 47r 2 a 2 p 2 ]u;(p) = 0. A 
solution is w(p) = K s _n±i (27r|a|p), A = s(s — n — 1). Here /f-Bcssel function K s {z) 

is defined as K s (z) = \ exp[-f(i + i)]* 8 " 1 ^, for Re(z) > 0, Re(s) > 0. 

(2) e; =1 + e; =1 h + 4™e; =1 m - eju g« - w e? =1 = o. 

For simplicity, we consider the case that 6; = 0, 1 < j < n. 

(i) v = Vl (fi!) ■ ■■VniPn), then ^ =1 (/3 j ^(/3 j ) + |(/3 j )-47r 2 a 2 /3 j ) = 0. A particular 
case is (3jv"((3j) + v'j(/3j) - 4n 2 a 2 (3jVj(Pj) = 0, 1 < j < n. A solution is Vj = 
K Q (2Tr\a\(3j). 

(ii) v = v(/3) with /3 = /?! + ... + /3„, then /?t/'(/?) + m/(/?) - 47r 2 a 2 /3v(/3) = 0. 
Set w(/3) = 0^w(J3), then /3 2 u/'(/3) + /3w'(/3) - [(^) 2 + 47r 2 a 2 /? 2 ]u;(/3) = 0. A 
solution is w(j3) — Kn-i (27r|a|/3). 

We have the following theorem: 

Theorem 3.3. Two solutions (we call them the normal solutions) of Lf = Xf are 



f=J2 a ro p^^ s _n±i(27r|m|p) Y[K (2Tr\m\f3 3 )e 2mm \ and 

m—0 j — 1 



(3.3) 



g=J2 b m p^K a _^(2w\m\p)l3 1 ^K !! ^(2Tr\m\p)e 



n+l 

m=0 

w/iere A = s(s — n — 1) 



Set / = <H/3, *, p) with f3 = E"=i A, then 

<9 2 9 2 a 2 9 a 

L/ - P[P W 2 +p W + ip + p) df 2+n op- r ' % ]4> - 
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Set (f> s = p s [3", then L<f> s = s(s - n - 1)</> S +t(t + n- l)p s+1 (T' 1 . When (/ = 0or 
v = 1 - n, L4> s = a(a - n - l)<f> a . Let </> S;0 := p(Z) s , 8>1 _ n := p(Z)' P(Z) 1 ~ n . The 
Eisenstein series 

£(Z;s,0):= ^ <^,o°7, E(Z;*,l-n):= ^ a ,i_„o 7 (3.4) 

7 £G(Z) 00 \G(Z) 7 eG(Z) 00 \G(Z) 

satisfy the following: 
Theorem 3.4. 

LE(Z;s,0) = s(s-n-l)E(Z;s,0), LE(Z;s,l-n) = s(s-n-l)E(Z;s,l-n). 

(3.5) 

Lct / = witn w = VP and T = (^l, 1 " ,x n ,Vi, ' ' ' ,2/n), then 

r, i r 2, d 2 d 2 d 2 d 2 a 2 , , d n , 

L/ = 4^ + --- + ^ + ^ + --- + ^ + ^-^ + 1 ^- ^ 

Denote e(x) = exp(27ria;) and set / a = u(w)e(a • r) with a = (ai, • • • , d2„) G Z 2 ™ 
and \a\ := (X)j=i a j) 5 - By i/ a = A/ a , we have w 2 w"(w) — (2n + — 
(4A + 4:n 2 \a\ 2 LU 2 )u(uj) = 0. Let u(u>) = u n+1 w(uj), then u 2 w"{lj) + ujw'(u) - [4A + 
(n + l) 2 + 47r 2 |a| 2 Ci; 2 ]M;(w) = 0. A solution is io(w) = u; n+1 .K2s-(n+i)(27r|a|w) with 
A = s(s — n — 1). 

Theorem 3.5. The other solution of Lf — Xf (we call it the singular solution) is 
f= Ma)cu n+1 K 2s _ (n+1) (2ir\a\cu)e(a-T), (3.7) 

a£Z 2 " 

where A = s(s — n — 1). 

It is known that the Cygan metric p c attached to U(n + 1, 1) is given by (see 
[1]) \\(z,p,t)\\ c = |||z|| 2 + p- it\*, for (z,/9,i) G C" x R x (0,oo). We dehne the 
pseudo-distance cP as follows 

d*(Z,Z') :-log||(z,t,p)- 1 (z',i',p')llc-log^||z-z'| 2 + p' + *(t-t' + 2Im(z7))|i 

Theorem 3.6. The distance function is noneuclidean harmonic, i.e., 

Ld*((z',t',p'),(z,t,p)) = 0. (3.8) 



4. The integral transform of Eisenstein series on U(n + 1, 1) 

In this section we will prove the following theorem: 
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Theorem 4.1. (The integral transform property of Eisenstein series on U(n + 
1, 1) ): The Eisenstein series have the following Fourier expansions: 



27rimt 



E(Z; s, 0) = J2 Mp> /?)e 2mmt , E{Z; s, 1 - n) = £ 6 ro (p, /3)e s 

m m 
« n 

a ro (p) := / [a m (p, /?) - <5 , m p s ] TT e-^^G^H/^i ■ ■ ■ d*3 n , 

J=i 

where G{z) — Y^k=o Wkl^k^ an d * s ^ e Kronecker symbol. Then 

2 1 -V s -f ^^ ^ ro ( S )|mr-^p^^_ 2 ± 1 (2 7 rlmlp),(m^0) ; 



a m (p) = < 



2-^F r(S ffi^ ^ 1) yo(s)p" +1 - s , (m = 0), 



(4.1) 

with if m (s) = J2c>o ]^p(E(<i, c )=i,dmod c e ( 22 r))^ where e ( x ) denotes exp(2nix). 
(2)For m/0, let 

MP)= / Mp,/3)e- 27rM/3 i?(27rH/3m 
Jo 

w/iere #(z) = £fcl„-i Ir^^fZ^, toen 

b m ( fi ) =2"- 1 7T s -t— -i ^p ro («-n+l)|m|'-^^tf a _,^(27r|m|p) 

-i2(|m|,p) 

(4.2) 

i2(|ro|,/>) =2"- V-9r(s - n + 1)~ Vm(« - n + lJM'- 1 -'^ 

^ 2 (l-f,fc) „ . . , iw , , , (4-3) 

x E fc[ (*K\m\p)*W 9 _ 1 _| iS _n±i_|(4 7 r|m|p). 

/fere (a, fc) := a(a + 1) • • • (a + k — 1) and ^^(x) is the Whittaker function. 
Proof. We have 



1 f 00 p s 



_ e -2nimt dt 



' 1 dt. 



c>0 (d,c) = l,dmodc 



[i 2 + (p + /3) 5 
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Set y m {s) =E c >o^p(E( d ,c)=i >dm odce(^)), by (see [7], p. 15) 

/I (I+S 7 * = ^r^^-i (2^1), ( u ^ 0, « G R), (4.4) 
we have for m ^ 0, 

/°° n s p — 2-Kimt 97T 5 

So, 

rj S /*00 /'OO 

a m (p) =<M*)^ tM-V / •••/ + 

i» Jo Jo 

n 

K a _i (2n\m\(p + (3)) J] e - 2w l ro ^G(27r|m|&)<i/3i • ••<*/?„. 

Denote the above integral as A m (p), set pj = p + (3j + i +•••+/?„ for 1 < j < n, 
then 

/■OO POO 

A m (p) = ■ ■■ e- 2 ^ m ^+-+^G(2n\ m \f3 2 ) ■ ■ ■ G(2n\m\f3 n ) 
Jo Jo 

/'OO 

/ (Pi + Pi)?- S K S _,_ (27r|m|(pi + /3 1 )) e - 27r l m l' 3l G(2^|m|/3 1 )ci/3 1 • • • d/?„. 
Jo 

We recall that the Weyl fractional integral is defined as 

1 f°° 

h{y:p) = —J fWix-yr^dx. (4.5) 

When f(x) = x~ v e~ ax K v {ax) and Rc(p) > 0, 

h(y;p) = V^(2a)-^-h^- v - h e- ay W_y !V _y(2ay), (4.6) 

for Re(ay) > (sec [3], p. 208, (53)). Here the Whittakcr functions (see [4], Vol. 
I, p. 264) W K ^(x) = x^^(a, c; x), where a = j — k + p,, c = 2p + 1 and 
*(o,c;x) = T ^ f^°e- xt t a - 1 (l + t) c - a - 1 dt, Rc(a) > 0. Thus 

1 f'°° 

W K} „(x) = e -%x»+i— j / e- xt t-i- K+ ^(l + t)-^ +K+ ^dt. 

— K + p) Jo 

It is known that (see [4], Vol. I, p. 265, (13)) 

K v {x) = ^e- x (2xy^(^ +v,l + 2v- 2x) 

J^er x {2xY f°° 2xt „ i,., .„ i , 
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By the above formulas, we have 

■= /' 0O (pi+/3i)^ s if s _i(2^|m|(p 1 +/3 1 )) e - 2T l m l /3l G(2^|m|/3 1 )d/3 1 
Jo 2 

oo -, poo 1 

- " "' 01 E ^ C 2k(^\m\) k J PI S K s _ h (2^|m|/3 1 )e- 2 -l" i l^(/3 1 - Pl ) k dp 1 



=e 

k=0 



/ — 1 1 

: i^^^E^ C '2 fe (^klPi)*W / -|-i, s -i-|(47r|m|p 1 ) 



1 

"47r|m| r(s) 



/>oo 

(47r|m|) s -^e- 2Tr|m|pi / e - 47r l™IPi*(l +t) s - 2 t s - 1 
Jo 



fe=0 



p 1 - s ^ s _ 1 (2^|m|p 1 ). 



v^Rr( s ) 

In general, we have 

/>oo 

^Wft) := / (ft +/3,)3- s X s _ A (27r|m|( Pj +/3 J )) e - 2 -l m lftG(2 7 r|m|/3 i )rf/3. 



o 



2 1 2 

for 1 < j < n and p n = p. Therefore, 



j- 



=(47r|m|)-t l r(g) 2 V ^^^-^±i(27r|m|p). 
Similarly, the other part of the theorem can be proved. rj 

5. The Poincare series for U(n + 1, 1) 

The concept of a point-pair invariant was introduced by Selberg [9] who made 
fascinating use of it. Now, we introduce the following concept. 

Definition 5.1. A map / : H£, +1 x EG. + — ► C is called a point-pair invariant 
associated to a discrete subgroup T < G(Z) if f(j(P),'y(Q)) = f(P,Q) for all 
P, Q E H£ +1 and 7 E T. 
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Theorem 5.2. For L = p\J3$ s + p-jfr + (p + 0)^ +n-fe -n-jfe], set f = g{u,v), 
where 

u = u(Z,Z>):= (*-*') 2 + (P + f-^') 2 , v = v{Z ,Z>):=^ (5.1) 

4pp' pp' 

are two point-pair invariants associated to G(Z). Then 

d 2 „ d 2 . , a 2 



+ ((n + 2)u + A + 1)— + ((n + 2)v + n\)—]g 



(5.2) 



wii/j A = y, where 7(A) = A for 7 G G(Z). 

Proof. It is obtained by a straightforward calculation. rj 

Let M(u, v, £, &) = [u 2 + (A + l)u]jj^ + 2uv^ + V ( V + X)^ + [(n + 2)u + 
A+ + [(n + 2)v + nX]-^ + s(n + 1 - s). By transform x = j^,y = j , we have 

d d ( j 

+ [(n + 2)x + 1]— + [(n + 2)y + n]— + s(n + 1 - s). 
cte ay 

Theorem 5.3. 5ome solutions of the equation M(x,y,J^,-^)g{x,y) = are as 
/o/Zows: 

g s (x, y) = x~ a y~ b F 3 (a, b; a, b - n + 1; 2s - n; -a; -1 , -j/ -1 ), 
5i(a0 = z~ S 2-Fi(s, s; 2s - n; -aT 1 ), 

( 5 - 4 ) 

92(y)=y s 2Fi(s,s- n+l;2s- n;-y ), 

53(^ + y) = w~ s 2 F-i(s, s - n; 2s - n; -(x + y) _1 ). 



Proof. At first, we consider the degenerate case. 

(1) Set g(x,y) — gi(x), then one has 

d d 2 d 

M(x, fo)9i(x) = M x + 1)^2 + t( n + 2)a; + 1]— + s(n + 1 - s)} 9l (x) = 0. 

A solution is gi(x) = .t~ s 2-Fi(s, s; 2s — n; — a; -1 ). 

(2) Set g(x,y) = 52(2/), then one has 

d d^ d 

M{y, -^)92{y) = {y(y + 1)^ + [(n + 2)y + n]— + s(n + 1 - s)}g 2 (y) = 0. 

A solution is 52(2/) = 2/~ s 2-Fi(s, s — n + 1; 2s — n; —y^ 1 ). 

(3) Set g(x, y) = g 3 (w) with w = x + y, then one has 

d d 2 d 

M(w,—)g 3 {w) = {w(w + l)—2+[{n + 2)w+{n+l)]—+s{n+l-s)}g 3 (w) = 0. 
aw aw z aw 
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A solution is g^^w) — w~ s 2-F\(s, s — n: 2s — n: —w^ 1 ). 

Secondly, we consider the general case. Set g{x,y) — x~ a y~ b f(— ar _1 , — 
then f(x,y) satisfies the following equation: 

x{x (l - x) J +y J- + [2 (« + b) -n-(2a + l )x] J- - a 2 /}+ 

- y)% + x ^- y + t 2 ( fl + b ) - n - W - n + 2 )y\% - K& - » + 1)/}+ 

(a + b - s)[a + b - (n + 1 - s)]f = 0. 



Let 



d 2 f d 2 f df 
x(l - .t)-4 + y— |- + [2(a + 6) - n - (2a + l)x]-L _ ^ = 0) 



dx 2 ' dxdy dx 
d 2 .f d 2 f 
dy 2 X dxdy ^ 
k (a + 6 - s) [a + 6 - (n + 1 - s)] = 0. 



y( 1 -y)^+ x ^ + W a + b)-n-(2b-n + 2)y}^--b(b-n+l)f = Q, 



Without loss of generality, we can assume that a + b = s. Let z = f, p = ff, <Z = 
t^=0, S = ^,t=0,wehave 

J a;(l - z)r + ys + [2 (a + 6) - n - (2a + l)a;]p - a 2 z = 0, 

j 2/(1 - y)t + xs+ [2 (a + 6) - n - (26 - n + 2)y]g - 6(6 - n + l)z = 0. 

It is known that a solution of the equations 

{x(l — x)r + ys + [7 — (a + (i + l)x]p — otflz = 0, 
2/(1 - y)t + xs + [7 - (a' + + l)y]q - a' (3' z = 0. 

is z = F 3 (a,a';[3, /3';j;x,y)(see [2]). Here 

'7 = 2(a + 6) -n, 
<a + /?+l = 2a+l, a/3 = a 2 , 
i a'+/3 / + l = 26-n + 2, a'/3' = 6(6-n+l). 

i.e., a = /? = a, a' = 6, [3' = 6 — n + 1, 7 = 2s — n. Therefore, a family of solutions 
are 

g s (x, y) = x~ a y~ b F 3 (a, 6; a, b - n + 1; 2s - n; -aT 1 , -y -1 ). 

This completes the proof of Theorem 5.3. rj 

Definition 5.4- A function / : ET£, +1 — > C is called a nonholomorphic automorphic 
form attached to the unitary group U(n + 1, 1) if it satisfies the following three 
conditions: 

(1) / is an eigenfunction of the Laplace-Beltrami operator of U(n + 1,1) on 

H™ +1 ; 

(2) / is invariant under the modualr group; i.e., f(j(Z)) = f(Z) for all 7 e 
G(Z) and all Z e H£ +1 . 

(3) / has at most polynomial growth at infinity; i.e., there are constants C > 
and k such that |/(Z)| < Cp k , as p — > 00 uniformly in t, for fixed [3. 



POINCARE SERIES AND MODULAR FUNCTIONS FOR U(n, 1) 13 

We denote by Af(G(Z), A) the space of such nonholomorphic automorphic forms 
attached to U(n + 1, 1). 

By Theorem 3.4, we have E(Z; s, 0), E(Z; s, 1 - n) e Af(G(Z), s(s-n-l)) when 
Re(s) > n + 1. 

Now, we study the structure of Af(G(Z),s(s — n — 1)). The Poincare series is 
defined as 

r(Z,Z' ;a ):= ]T g s (x(Z, 7 (Z%y(Z)). (5.5) 
7 eG(z) 

Theorem 5.5. r(Z, Z'; s) e Af{G(Z), s(s-n - 1)) /or i?e(s) > n 7 fle(a) > 1 and 
i?e(6) > n — 1, w/iere a + 6 = s. 

Proof. Without loss of generality, we can only consider the nondegenerate case. 

According to [2] , the two variable hypergeometric function F 3 has the following 
integral representation: 

a';0, 0'; 7 ; *, y) ^^^^^ j ^ 



„/3'-l 



( 1 — u — V y- /3 - fl '- 1 (l - ux)- a (l - vy)- a 'dudv, 



for Re(0) > 0, Re(/3') > and Re( 7 - - 0') > 0. 
Now, one has 

/ n T(2s-n) ff „_! 

r(a)r(&-n+l)r(a-l)yy tl >o, t ,>o, u+ „<i ti (5.6) 
w b ""(l - u - v) s - 2 (x + u)- a (y + v)- b dudv, 



for Re(a) > 0, Rc(6) > n - 1 and Re(s) > 1. On the other hand, x = x(Z, Z') 

- l^, ' |2 

(1 + f)a{z n+1 ,z' n+1 ), where cr(z n+1 ,4 +1 ) = 4Im " z + ti 1 +lI ^ 1 ;+i , and y = y(Z) = 
Therefore, we have 

r(o)r(t - n + i)r(s - i) ii„> ,„>o,u+„<i 



x (1 - u - v) s 2 T , dudv. 



7 GG(Z) LV^ p7"V-n+l, 

The sum 



(5.7) 

dudv. 

))+u] a 



V < V 1 



7 eG(Z) -r p^V-n+L, I V- n +U / ' "J 7 6G(Z) 

By [8], p. 285, Lemma 1, if Re(a) > 1, then the series 

1 



E 



is convergent uniformly for 2 n +i, z^+i in compact domains. By the same method 
in [8], one has that if z n+ i £ G(Z)z' n+1 , then the series in (5.7) is convergent 
absolutely for Re(a) > 1, i.e., r(Z, Z'; s) is well-defined for Re(a) > 1. 
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For g e G(Z), by x( 7 (Z), 7 (Z')) - x(Z,Z') and y( 7 (Z)) = y(Z), we have 

r(.g(Z),Z'; S )= ]T g s (x(g(Z), 1 (Z / )),y(g(Z))) 

7 GG(Z) 

= ^ ff.(xO/(Z), ff o 7 (Z , )),y(2))= J2 9s(x(Z, 7 (Z')),y(Z)) 

7GG(Z) 7 GG(Z) 

=r(Z,Z';s). 

For 7 e G(Z), M(x,y, ^)(Z, 7 (Z'))fl s (a;(Z, 7 (Z')), J/(Z)) = 0. Hence, 
(L — s(s — n — l))g s (x(Z, y(Z%y(Z)) = 0. 

Thus, (L-s(s-n-l))r(Z, Z'; s) =0. n 

Theorem 5.5 implies the following theorem: 
Theorem 5.6. There exist infinitely many elements in Af(G(Z), s(s — n — 1)). 

6. The Poisson kernel and Eisenstein series for U(n + 1, 1) 

In this section, we will give the Poisson kernel of L on H^ +1 and the corresponding 
Eisenstein series. 

Let us give the Iwasawa decomposition of G. G = KAN = NAK, where 

In 

A = TAuT- 1 = {a=\ e< | : C e R ^ , 

In Z l 

N ^TNuT- 1 = {n= \ 2iz 1 t + i\z\ 2 | : t e R, z e C" 

1 

I n iz l ' 

N = TN U T~ 1 = {n= \ 1 | : t e R, z e C n )■ , 

-2z -t-i\z\ 2 1 

and K = TKjjT- 1 . 

( In IZ 1 0\ / In iw l (T 

For n = 1 , n' = 1 | and a 

\-2z -t-i\z\ 2 1/ \-2w -(-i\w\ 2 l j 

'L 

_ 1 

P 2 



In 2p-3«* 

[M -1 ]* = ( iz p-?(t + i\z\ 2 ) ) . 

p-i 
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z 

VP' 



For Z G H£+\ consider Z> = (z',z' n+1 ) = W n+1 - |*f = 1, so 



Z' G H2, +1 . Thus 

[M-Tt-T- 1 — ) = + = Z. (6.1) 

/ 4 -»(**-«;*) \ 

a^n^n' = . (6.2) 

\2p-3(0-wJ) - (• - i(| z | 2 + | w | 2 - Zzw 1 )} p-i J 

For a G A and n E N and fc = TkjjT^ 1 = Ti (^A * ) ' wnere = ^ ^ £> 
A = (fly) G f/(n + 1), D G 17(1), A x is an (n + 1) x (n + l)-matrix and A 2 is an 

1 x (n + l)-matrix. an ~ ( ^ *] with B = ( ^ | . /can = i | ^f 1 ^ 

v ; \Q * J \2ie^z e- ) 2l \A 2 B * 

where A X B = ( * f , * . ) and A 2 B = (*, (-o n +i,n+i + £>)e c ). 

y * xe \a n +i,n+i t u ) J 

For g = (gij) G G, we have 

<7n+l,n+l = 2 e ^( a "+l,"+l + ffn+2,n+l = ( — a n+ i jn+ i + D). 

D e f7 (1) implies that e 2? = |<7 n +i,n+i + ig n +2,n+i\ 2 ■ Therefore, the Poisson kernel 

P(Z,W) = \pi +ip-i[t-(-i{\z\ 2 + \w\ 2 -2zw t )]\~ 2 

= P (6-3) 

\p+\z- w\ 2 +i(t-(- 2lmzw t )\ 2 ' 

where W = {w ir -- ,w n ,(,0) G C™ x R. We have LP(Z, W) s = s(s - n - 
1)P(Z, W) s . In fact, by Helgason's conjecture, which was proved by Kashiwara 
et al. in [6], that the eigenfunctions on Riemannian symmetric spaces can be rep- 
resented as Poisson integrals of their hyperfunction boundary values. 

In the theory of automorphic forms, the rigid property is essential, it is deter- 
mined by the discrete subgroup. G(Z) acts on Wq~ , not C™ x R x (0, oo), although 
they are diffeomorphic. The boundary of H£, +1 is 

dU n + x = {(z,y n+1 ) eC"xR: y n+1 - \z\ 2 = 0} x {t : t G R}. 

The first one is called the constraint boundary, the second is called the free bound- 
ary. What we need is the second one. Set H := {t + ip : t G R, p > 0} and 
let Q(T,Tt) be the region of discontinuity of T < G(Z) corresponding to Ti. For 
Z = \z,t,p) = (z,z n+1 ) G H£ +1 and W = (w,C,0) = (w,w n+1 ) G <9H£ +1 , where 
p(W) = Imw n+ i — \w\ 2 =0. If w = 0, p(W) = implies that lmw n+ \ = \w\ 2 = 0, 
i.e., w n +i = (eR. The Poisson kernel associated with the free boundary is: 

PR(,: =W?TM' (6 ' 4) 

Theorem 6.1. LP{Z,C) S = s(s - n - l)P{Z, () s . 
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Theorem 6.2. P( 7 (Z), 7(0)IV(C)I = P(Z, (), for 7 e G(Z). 
We define the Eisenstein series 

E(Z,C,s) :=£p( 7 (Z),Cr, Re(*)>J(r), (6.5) 
where 5(r) is the critical exponent of T. 

Theorem 6.3. The Eisenstein series satisfies the following properties: 
E( 1 (Z),C,s) = E(Z,C,s), £(Z, 7 (C);s) = W(0\~ s E(Z,(;s), 

LE(Z, C; s) = s(s-n- l)E{Z, C; s). (6.6) 

The scattering matrix is defined as 

where £,77 e fi(r,W). It describes the normalized free boundary behaviour of the 
Eisenstein series 

S(C, t; s) = lim lim p^ s E(Z, C; s). 
For Re(s) > n + 1, we define 

G (Z,Z';s):=r fl ( U (Z,Z')), and G(Z, Z'; a) := ]T G ( 7 (Z), Z'; a), 

where r s (u) = gi(x) in Theorem 5.3. Then, we have 

lim lim (//)~ S G (Z, z'; s) = c(s)P(Z, t') s . 

Consequently, 

lim lim (p')- s G(Z, Z'; s) = c(s)E(Z, t'; s). 

7. The modular forms and modular varieties on U(n + 1,1) 

In his paper [10], Wirthmiiller gave the Jacobi modular forms associated to the root 
systems. Now we give the definition of modular forms on U(n + 1, 1) associated to 
G(Z). 

Definition 7.1. A modular form on U(n + 1, 1) associated with G(Z) is a function 
<j> : Hq +1 — > C satisfying the following transform equations: 

(!) <f>(^+3> StTT^) = ( cz n+i + d) k e^ m ^+---+^/(^+ d ^(z, z n+1 ). 

(2) 4>{wz, z n+ i) = <j)(z,z n+ i) for all w e S n , where S n is the symmetric group 
of n-order. 

(3) (f>(z, z n+ \) is a locally bounded function as Imz„ + i — > 00. 
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According to [10], for Z = (z, z n+ \) G H^ +1 and id e C, we have 

z az n+1 + b z\ -\ hz r 2 

j{z,z n+1 ,w) = — , — w-c — — ). 

cz n+ i + a cz n+ i + a cz n +i + a 

The modular forms on U(n + 1, 1) can be written as follows 

d> o 7 (z, z n+1 ) = ( d ^} Zn+ ^ )-h-^ im ^- w U(z, Zn+l). (7.1) 
az n +i 

Set M n +i = G(Z)\H^, +1 . It is well known that Mi = C, the coarse moduli 
space of complex elliptic curves. 

Now, we consider the modular functions on U(n + 1, 1). 

(0|fc,m7)(*, «n+i) ~ (<*n+i + d)~ fc e m ( + ' " + ^ )0 o 7 (z, z n+1 ), (7.2) 

CZ„+i + (X 

for 7 e G(Z), where e m (x) := e 2 ™™*. 

The Eisenstein series for J7(n + 1, 1) with weight k and index m is defined as 

) ■= (Mk,ml)(z,z n+1 ). (7.3) 

7 SG(Z) 00 \G(Z) 

Explicitly, this is 

E k , m (z, z n+1 ) = \ V (cz n+1 + rfr fc e m ( ~ c(z ' + "' + Z " ) ). 

2 c,d6Z,(c,d)=l CZ " +1 + ^ 

It is clear that 

Ek,m{z, Z n +1 + 1) = Ek, m {z, Z n+ i). 



^fc,m(- ,-- ) - rVi 2^ (d^n+i-c) e (— — — ). 

By the identity: 



-c 1 -d 



— cz n+ i + dz n+1 z n+ i dz. n +i - c 

we have 

TP f ^ ^" \ /c 771 / ^1 _ ^~ ' ' ' ~~ ^77* \ TP ( \ 

&k,m{ , j = Z n+1 e ( )&k,m\Z, Z n +l). 

Zn+1 Z n +1 Z n +1 

The set of modular forms on U(n+ 1, 1) is denoted as Mfc ;m (G(Z)). It is obvious 
that E k , m (z,z n +i) e M fe>m (G(Z)). 

Now, let us define a family of modular functions for t/(n + 1, 1) of weight and 
index 0, the j-invariants associated to U(n + 1, 1): 

. 1728g 2 ,m(z, Zn+l) 3 .-.x 

Jm(Z,Zn+l) := — ; r , (7.4) 

£±m\Z, Z n +1 ) 

where # 2 ,mi (z, z n +i) ■= ^TT 4 E^ mi (z, z n +i), 93.m 2 (z, z n +i) := §fir 6 E 6 . m2 (z, z n +i), 
and A m (z, z n +i) := g2, m (z, z n+ i) 3 - 27g 3 3 m ( z , z n +i) 2 . In fact, for 7 e G(Z), 

, z n+l)) — jm{ z , Z n +1 ). (7.5) 

Therefore, j m is a modular function on the modular variety M n +i- 

If z = then M n +i degenerates to VVfi and J m (0, z n +i) = j(z n +i). It is well 
known that for every c € C, j(z n +i) = c has exactly one solution. Thus, j(z n +i) 
is an analytic isomorphism from M n +i to C. Therefore, j m : M n +i — » C is a 
surjective morphism. Now, we complete the proof of Main Theorem. 
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